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A further example in Sec. VIII uses the modified Newtonian
theory technique to investigate the static stability of the Apollo
Command Module. Using tunnel results from 0 = 0 and 9 = 30°
only, the static stability conditions of the module are derived
and are found to be close to those obtained using the full range
of experimental results.
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Velocity Distribution Functions Near the Leading
Edge of a Flat Plate
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The electron beam fluorescence technique has been used to determine the velocity distribution function within
several mean free paths of the leading edge in a rarefied hypersonic helium flow. The Doppler shift and broadening
of the 5016 A He line was measured with a computer controlled Fabry-Perot interferometer. For analysis, the
velocity distribution function was approximated with a bimodal model consisting of two Gaussian functions, which
was convoluted with the appropriate instrument function and natural line profile and then fitted to the experimental
data. Macroscopic properties in the vicinity of the leading edge, slip velocities, and temperature jumps have
been obtained from the complete velocity distribution functions.

Nomenclature
A = height of distribution function
c — speed of light
D = orifice diameter
H = enthalpy
k = Boltzmann constant
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L(/) — natural line shape of the He 31P — 21S transition
M = Mach number
M (A, T) = Maxwellian distribution function
m = mass flow
m = atomic mass of helium
n = weighting of distribution function
p = pressure
R = gas constant
S — speed ratio
5(1) = spectral profile
T = temperature
u = particle velocity
U = mean velocity
AC/ =U,-U2
x = axial distance from leading edge
y = height above flat plate
z = direction normal to flow in plane of plate surface
a = energy accommodation coefficient
ft = bevel angle

= mean free path
= wavelength

A0 = He 5016 A wavelength
AA = deviation A — /0
r\ = coefficient
fj. = viscosity
p = density
a = tangential momentum accommodation coefficient



1248 BECKER, ROBBEN, AND CATTOLICA AIAA JOURNAL

Subscripts
bf = body-freestream
c = chamber conditions

0.2mm FIBER OPTIC
IN METAL SHEATH

55mm-f/l.8 CAMERA LENS

9
w
x
y

0
oo
1,2

= wall
= axial direction of flow
= direction normal to plate surface
= direction normal to flow in plane of plate surface
= stagnation condition
= freestream condition
= class of particles

I. Introduction

THE leading edge of a flat plate in a hypersonic flow has
been analyzed extensively. Integral and finite-difference

methods have been used in the continuum approaches by
Oguchi,1 Chow,2 Shorenstein and Probstein,3 Rudman and
Rubin,4 and Hirschel.5 The kinetic theory solutions of Huang
and Hwang6 and the Monte Carlo simulation technique of
Vogenitz, Broad well, and Bird7 have been applied successfully
from the free molecular flow limit.

Recent experimental investigations dealt with two special
problems. Dyer and Smith8 and De Geyter, Smolderen, and
Wendt9 observed the upstream density perturbation ahead of the
leading edge. Becker10 has examined the accommodation of the
particles at the wall at high energies.

In the present experimental work observations of the velocity
distribution function in the immediate vicinity of the leading
edge and the wall of a flat plate in a rarefied hypersonic
helium flow are presented. In addition to the macroscopic
properties in the general flowfield near the leading edge which
have been determined from the velocity distribution functions,
the velocity slip and temperature jump at the wall have also
been determined and are reported in this paper.

II. Apparatus
The helium flowfield was generated by a freejet expansion

from a 25.4-mm-diam orifice with stagnation temperature of
296°K and stagnation pressure of 10 torr. The Mach number
was approximately 9, the freestream pressure 0.0025 torr, and
the freestream temperature 10.7°K. Table 1 gives more detailed
information of the flow conditions at the leading edge. The
flowfield near the centerline of the freejet can be calculated
with the relations given by Ashkenas and Sherman.11

The flat plate models for the present investigation were
manufactured from copper with a bevel angle of 20° and a
leading-edge sharpness of 0.04 mm. The models were 50.8 mm
long and 25.4 mm wide. The flat plate was maintained at
290°K by an internal circulating water system and monitored
with thermocouples. The flat plate models were mounted on the

Table 1 Flow conditions at the leading edge

Stagnation pressure
Stagnation temperature
Orifice diameter
Mass flow
Mach number
Pressure
Temperature
Density
Mean free path
Velocity
Gradient 10 mm
Chamber pressure
Maximum Mach number
Model temperature
Model length
Model width
Bevel angle

P0 = 10 torr = 1330N/m2

TO - 296°K
D = 25.4 mm
m = 0.628 g/sec

Mm = 8.93
Poo - 0.002535 torr
T^ = 10.7 K
pao = 1.52-10-5kg/m3

AO, = 1.286mm
Uv = 1723 m/sec

dMJMm = 5%
pc = 0.041 torr

MOO max = 14.6
' Tw = 290°K
50.8 mm
25.4 mm

P = 20°

ELECTRON GUN

DEFLECTION AND
FOCUS SYSTEM

ELECTRON
BEAM

ELECTRON BEAM
COLLECTOR CUP

FLAT PLATE MODEL

55 mm-f/1.8 CAMERA LENS

0.2mm FIBER OPTIC
IN METAL SHEATH

Fig. 1 Electron beam experimental apparatus in low density wind
tunnel.

centerline of the freejet about 130 mm downstream of the
orifice.

A 27 kv electron beam, with 2-5 ma current and about
1.5 mm in diam was used to induce fluorescence in the helium
flowing through the electron beam. The radiation from the
fluorescence at a point along the electron beam could be
observed with optics aligned parallel and perpendicular to the
axis of the jet, as shown in Fig. 1. Fiber optics were used to
transmit the light to the Fabry-Perot interferometer. The
measurement volume consisted of the intersection of the image
of the fiber, about 1.0 mm diam, and the 1.5 mm electron
beam diameter. While this measurement volume could be
positioned to a precision of 0.025 mm, the accuracy relative
to the leading edge of the flat plate was about 0.2 mm.

The Doppler shift and broadening of the 5016 A helium
fluorescence was measured with a piezoelectrically scanned
Fabry-Perot interferometer, controlled by a small computer.
The spectrum was measured at 100 discrete points, displayed
on an oscilloscope, and recorded on punched paper tape.
Figure 2 shows typical raw spectra.

A detailed description of the interferometer system, the
electron gun, and the wind tunnel is given by Cattolica.12

III. Experimental Analysis
The fundamentals of the analysis of the Doppler shift and

broadening are discussed by Muntz.13 Basically, the velocity u

c)

Fig. 2 Development of the axial distribution function along the flat
plate: a) x/^ = - 20, y/l^ = 0, Tg = 14°K; b) x//^ = - 2, y//^ = 0,
Tg = 54°K; c) x//^ = 5, y/Ax = 2, Tg = 112°K; d) x//w = 10, y/^ = 2,

Ta = 136°K.
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Fig. 4 Bimodal representation of the axial velocity distribution near
the surface of the flat plate.

is recorded as a wavelength shift AA according to the relation
u/c = AA/AQ.

An example of the type of measurement which is obtained
with this experimental technique is illustrated by the freestream
axial spectral profile shown in Fig. 2a. This spectral profile
can be modeled by the following convolution

-ITJ -oo J -
T(A-A')L(A'-A")M(A', (1)

where T(A —A') is the interferometer transfer function. L(A' — A")
is the natural line shape of the 5016 A radiation from the
Helium 31P — 21S transition and M(A', T) is a Maxwellian
velocity distribution function expressed in terms of the
wavelength

M(A', T) - exp [_(A'-A,)2/^] (2)
where r\ = (A0

2/c2)(2/c/w), and Ax = A0(l — Ux/c). The temperature
of 14°K for Fig. 2a is obtained by performing the convolution
(1) and iterating on the temperature and Ux until the error
between the model and the data is bounded by the statistical
error in the data.

The results of flow surveys in the freejet without the flat plate
model are shown in Fig. 3, where axial and radial temperatures
are presented. The slight translational nonequilibrium which is
present should not affect the basic interaction of the flat plate
with the flowfield. At the position of the flat plate model in the
freejet a gradient in Mach number of 5% over 10 mm in the
axial direction and 0.5% in the radial direction is encountered.
The small radial flow gradient in the freejet should have a
negligible effect on the flowfield interaction with the model and
can be neglected. In order to compensate for the influence the
axial flow gradient may have in the flow development over the
model, the experimental data are normalized by the correspond-
ing freestream conditions.

In the presence of the model (which was maintained at 290°K)
the temperatures in the flowfield in the vicinity of the flat
plate were substantially higher and the velocity distributions
non-Maxwellian. Figure 2 illustrates the non-Maxwellian
development of the distribution function along the flat plate.
Figure 2a shows the axial distribution of the undisturbed free-
stream 20 A^ ahead of the flat plate. In Figure 2b, at 2A^ up-
stream of the leading edge, the broadening of the low velocity
tail of the distribution function results from the upstream
influence of particles scattered from the plate. In Figs. 2c and 2d,
downstream of the leading edge, the portion of particles in the
distribution function which have interacted with the wall and
have been thermalized has increased significantly. The distribu-
tion functions normal to the plate, which are not shown here,
indicate a small mean velocity away from the plate.

To analyze the non-Maxwellian behavior the velocity distri-
bution function was approximated by the sum of two Gaussian,
or Maxwellian functions with arbitrary height, width, and

position as shown in Fig. 4. This was suggested by the bimodal
model, such as has been used for shock wave analysis, except
that neither the temperature (width) nor velocity (position) of
either function was assumed independent of spatial position, or
even of the three axes of observation of a given position. In
other words, the distribution function along each axis of observa-
tion was approximated by a reasonable function with six
adjustable parameters. For comparison with the experimental
spectrum the convolution defined by Eq. (1) was used with the
single Maxwellian distribution M(A, T) replaced by the two
Maxwellians. The six parameters were then determined by
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Fig. 5 Example of the comparison of the experimental data (Q) with
the convolved ( * ) bimodal representation of the velocity distribution
function. The right-hand side gives the error (X) between the experimental
measurement and the generated fit, with the outer set of points (D)
representing + three standard deviations, "both have been normalized by
the peak intensity. Axial distribution function at x = 31.7 mm and
y = 1.25 mm, 7i - 90°K, T2 = 295°K, A2IA^ = 0.45, At/ = 996

m/sec, Tg = 221.4°K.
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searching for an acceptable fit between the experimental
spectrum and the convolution given by Eq. (1). This was done
on a large computer, by examining line printer plots of the
spectrum and the difference between the experimental and
calculated spectrum. An example of such a plot, with an
acceptable fit, is shown in Fig. 5. Error bounds of three
standard deviations are indicated on the plot of the difference,
and in general all fits were within such bounds.

The fitting procedure was as follows. The computer program
fixed the maximum height and, from the half height points,
centered the calculated and experimental spectra. This left four
parameters to be determined, Tlt T2, A17 = Ui — U2, and
Ai/A2. Successive variation of these four parameters was used,
systematically varying one or two parameters at a time, until the
locus of "best" values was achieved. Since these parameters
varied in a smooth manner from point to point through the
flowfield, it was possible to obtain quite close fits to the
experimental spectra after only a few iterations.

The mean velocity and mean energy for the distribution
function were determined by taking the proper moment. We
will denote the mean energy by mean temperature in the
following, even though temperature is strictly defined only for an
equilibrium distribution (which these are certainly not!). The
mean velocity U is given by

-U2

and the temperature T by
"2 n{n2 AC/2

"~R~

(3)

(4)

Both the velocity and temperature can be independently deter-
mined for each of the three directions x, y, and z, thus the
over-all gas temperature Tg is given by

Tg = (Tx+Ty+Tt)/3 (5)
where Tx, Ty, and Tz are obtained from Eq. (4) applied to the
appropriate direction. Zero velocity was determined from the
radial distribution (^-direction) in the freestream ahead of the
plate.

IV. Results
Measurements of the x and y components of the velocity

distribution function were made covering the entire flowfield,
from near the plate to the freestream in the y-direction, and
from upstream of the leading edge to 31.7 mm downstream of
the leading edge. Measurement of the z component of velocity
required that the electron beam be normal to the plate, for which
another plate with three holes for the electron beam at x = 19,
31.7, and 44.3 mm was used. Upstream of the plate z components
corresponding to the positions of the x and y components were
measured.

To the accuracy of the measurements, it was possible to
approximate the x and y distributions at a given point with the
same two temperatures 71, and T2 and the same density ratio
ni/n2. The y component distribution was consistent with a small
A Uy near the leading edge of the plate, but a satisfactory
representation could be achieved with A£/y = 0 over the whole
flowfield. The result near the leading edge is reasonable since the
hotter molecules reflected from the plate will be moving away
from the plate, while the cold "freestream" molecules will have
no mean y velocity.

Downstream of the leading edge at x = 19 and 31.7 mm, the
z component of the velocity distribution could also be fitted
satisfactorily with the same Tlt T2, and «i/n2 as the x and y
components, and with AC/Z = 0. Thus downstream of the leading
edge the over-all distribution function at a point is acceptably
fit, to the accuracy of these measurements, by a bimodal model
with the temperatures TitT2, velocity difference AL/X, and density
ratio ni/n2. However, upstream of the leading edge the z com-
ponent of the velocity distribution could not be fit satisfactorily
with the same 7i, T2, and nl/n2 as the x and y components.

500 1000 1500 2000

Gas Velocity Ug [m/s]

Fig. 6 Velocities in the flowfield above the flat plate. The filled symbols
are from x and z measurements with the electron beam normal to the

plate.

Even here the deviations were rather small, and it was not
possible to clearly identify the trends in these parameters. Data
far out from the plate, in the merged boundary layer and shock
layer, were not analyzed.

The results which are presented in the remainder of this paper
are measurements taken downstream of the leading edge and
relatively close to the plate. The axial, or x velocities are shown
in Fig. 6 and the gas temperatures Tg are shown in Fig. 7,
plotted vs height y and parameterized by axial distance x. The
values derived from measurements with the electron beam
normal to the plate at x = 19 and 31.7 mm, which gave the x
and z distributions instead of the x and y, are shown as blackened
symbols and are in good agreement. Since the experimental
data could be satisfactorily fit within a finite range of the
parameters T lf T2, AC/, and A}/A2, the sensitivity of the over-all
temperature and velocity to these parameters was checked. It was
found that the variation in the temperature and velocity was not
more than the size of the symbols in Figs. 6 and 7; thus, we
believe that the analysis technique is adequate in representing
the macroscopic parameters of the distribution functions. The
principal errors in the experiment should lie in the experimental
spectra and the position of the measurement.

The possible influence of electrons scattered from the wall was
considered negligible because (except for one data point) the
nearest position of the beam to the wall was larger than the

50 100 150 200

Gas Temperature Tg [Kj

250 300

Fig. 7 Temperatures in the flowfield above the flat plate. The filled
symbols are from x and z measurements with the electron beam

normal to the plate.
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Fig. 8 Densities in the flowfield above the flat plate.
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Fig. 10 Velocities extrapolated to the wall, giving the velocity slip and
comparison with HirschePs continuum theory calculations.

beam radius. An influence of this kind could have had severe
implications, as the results of Schweiger, Wanders, and Becker14

have shown.
Figure 8 shows the densities normalized to the freestream

density at the same position without the presence of the flat
plate. A presently unexplained error in the helium electron
beam fluorescence technique, which was first noted by Robben
and Talbot,15 became obvious in these density measurements.
There it was found that a shock wave in a freejet expansion
of helium was preceded by a small drop in the fluorescence
intensity, where no drop in density is expected. Likewise, a drop
in intensity was noted upstream of the flat plate, where other
measurements indicate a rise in density.8'9 The reason for this has
not been determined, but is presently thought to be connected
with trapped resonance radiation. The degree to which this
phenomenon has affected the measurements is unknown, but it is
thought to be important only upstream of the leading edge,
principally affecting the density measurement.

Current analyses of rarefied leading edge flow are based on
mean free path arguments, and several mean free paths have
been used. The freestream mean free path A^ is defined by

/U = (TcRT^'Voo/Pco (6)

and has the value of 1.3 mm at the leading edge. The viscosity
was calculated following Keesom16

= 0.5023 x 1(T 6T°-647[%m~ V '] (7)
which holds for the temperature region under investigation
between 10 and 300°K. In near free molecule flow a more
appropriate mean free path is that of molecules reflected from

the body and penetrating into the freestream. Following Hamel
and Cooper,17 for diffuse reflection this is given by

Av = 2(Tw/nT^2[n(Tij}/n(TJ-]/S00
2 (8)

with

This gives the ratio Aj,///^ numerically equal to 1.4 for the
experiment.

For the transition flow regime the mean free path A^w calculated
from average gas properties at the wall may also be appropriate.
The ratio A^/A^ has been calculated for the present case and is
shown in Fig. 9. It is seen that Xgw is approximately equal to
Ab/ at the leading edge, and is equal to 6.7 mm at x = 31.7 mm,
the point furthest downstream. Thus the so called Knudsen
layer, a region within one mean free path of the plate surface,
can be anything from 1.3 to 1.9 mm at the leading edge, and
increases considerably at the furthest downstream point.

Figures 10-12 show the velocities, temperatures, and densities
extrapolated to the wall. The extrapolations were done
graphically from Figs. 6-8. It is conceivable that these properties
could show a marked change within the Knudsen layer, affecting
the extrapolation. Except at x = 0, there are no measurements
within A oo or Aby of the surface, but many of the downstream
measurements are within A3W of the surface. Further, the close
point at x — 0 indicates no drastic change in slope. Thus, we
think that the graphical extrapolation represents, within the
experimental accuracy, the actual values at the surface. Down-
stream of the leading edge, 'the measurements are well within
A W of the surface.

-20 -10 0 10 20 30

Distance from Leading Edge x [mm]

Fig. 9 Average mean free path at the wall A9VV as determined from
extrapolated values. A^ = 1.2 mm.

-20 -10 0 10 20 30 40

Distance from Leading Edge x [mm]

Fig. 1 1 Temperatures extrapolated to the wall, giving the temperature
jump and comparison with Hirschel's continuum theory calculations.
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Fig. 12 Densities extrapolated to the wall and comparison with
Hirschel's continuum theory calculations.

The total enthalpy of the gas is an indication of the energy
content, and in Fig. 13 the enthalpy ratio Hgw/H^, extrapolated
to the wall, is shown. Since the wall temperature was essentially
equal to the stagnation temperature, far downstream this ratio
must approach 1.0. The approximately 15% rise above 1.0 with a
maximum near the leading edge is interesting, and we note in
passing that the free molecular recovery temperature, for diffuse
reflection, is approximately 25% greater than the stagnation
temperature.18

V. Comparison with Available Theory
Continuum theory relations for velocity slip and temperature

jump, based on the velocity and temperature profiles extrapolated
to the wall, were used to determine classical energy and
momentum accommodation coefficients. While these equations
cannot be expected to accurately represent the extremely rarefied
flow of the present experiments, the result is interesting and the
derived accommodation coefficients may have some validity. As
partial justification, we point out that no other theory is available.
The equations were taken from the recent second-order theory of
Deissler,19 which required the first and second derivatives of
U and T, extrapolated to the wall. These were determined
graphically from the data of Figs. 6 and 7, and the resulting
values of energy accommodation coefficient a and the tangential
momentum accommodation coefficient a are shown in Fig. 14.
Both /ib/ and lgw (from Fig. 9) were used, which resulted in
quite different values of a and a further downstream. We note
that the difference between Deissler's solution and the first order

too
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Fig. 13 Total enthalpy extrapolated to the wall.
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Fig. 14 Momentum and energy accommodation coefficients as calcu-
lated from the experimental data using a continuum theory. Results shown

based on both Ab and Aaw.

slip and jump relations as given by Schaaf and Chambre18 are
relatively small, with the second derivatives contributing only
about 20%.

The generally low value of momentum accommodation near
the leading edge is obvious from the raw velocity spectra, in
which the molecules reflected from the plate can be approxi-
mately separated from the freestream molecules. However, there
must be considerable doubt concerning absolute values as low
as 0.2. The energy accommodation near the leading edge is also
consistent with the value of T2 of the bimodal fit. However, the
rise to a value greater than unity downstream is likely incorrect,
partly because T2 from the bimodal fit never exceeds T0, partly
because of general theoretical considerations, and partly from
more direct experimental measurements of a.

Molecular beam measurements of momentum and thermal
accommodation of gases on so called "engineering surfaces"

500 1000
Gas Velocity Uq [m/s]

1500

100 200
Gas Temperature Tg [ K]

300

0.5-10-
Gas Density pg

1.5-10-

Fig. 15 Comparison of the experimental flowfield at x = 31.7 mm
with Hirschel's continuum theory calculations.
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generally give values closer to unity. In partial justification of
the above evidence for a low value of the momentum accom-
modation coefficient, we note that near the leading edge the
incident molecules strike the surface at very shallow angles.
Especially in the case of a light, inert gas such as helium with
low absorption potential, this would be expected to lead more
nearly to specular reflection. This also accounts in principle
for the increasing value of a further downstream.

Hirschel5 has developed a finite-difference numerical tech-
nique for the hypersonic slip-flow boundary layer. Solutions
have been obtained (Hirschel, private communication) for the
conditions of this experiment, using the measured values of T
and U at the leading edge and the freestream values as boundary
conditions, and the accommodation coefficients shown in Fig. 14.
The values of Ugw, Tgw, and pgw extrapolated to the wall are
shown compared to the measurements in Figs. 10-12, where,
except for Tsw, the agreement is not too good. In Fig. 15 the
theory is compared with the flowfield data far downstream at
x = 31.7 mm, again showing relatively poor agreement. Our
general conclusion is that a continuum theory, or even a modified
continuum theory, is not adequate to predict the macroscopic
properties of the flowfield in the transition flow regime.

VI. Summary
Experimental measurements of the velocity distribution

function within a few mean free paths of the leading edge of a
flat plate in hypersonic helium flow have been obtained. The
macroscopic properties velocity, temperature, and density have
been calculated and are presented in graphical form downstream
of the leading edge and close to the plate. An attempt to
obtain the tangential momentum and energy accommodation
coefficients, through use of continuum theory, was made. Based
on this, plus qualitative observation of the data, it was concluded
that the tangential momentum accommodation coefficient was
quite small near the leading edge, and markedly increased
downstream. The energy accommodation coefficient may also be
less than unity near the leading edge. A direct comparison
with a continuum numerical solution indicated rather poor
agreement.

It appears that direct comparison with kinetic theory solutions,
such as the Monte-Carlo type, may be the only satisfactory
way to extract information on the molecule-surface interactions.
The distribution function data are available, and we hope that
future comparison will be made.
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